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The analysis of the quantum Hall response of a small system of interacting ultracold bosonic atoms through
the variation of its Hall resistivity against the applied gauge magnetic field, provides a powerful method to
unmask its strongly correlated states in a quite exhaustive way. Within a fixed range of values of the magnetic
field in the lowest Landau level regime, where the resistivity displays two successive plateaux, we identify the
implied states as the Pfaffian and the state with filling factor ν = 2/3 in the thermodynamic limit. We fix the
conditions to have good observability.
PACS numbers: 03.75.Hh, 03.75.Kk, 67.40.Vs
I. INTRODUCTION
For a long time, one of the main goals in the study of the
many-body interacting systems has been the localization and
description of their stable states. In this research area, a spe-
cial role is played by the strongly correlated states of charges
under large magnetic fields [1, 2]. For some of these states, the
analytical expression of their wave functions is available, as in
the case of the Laughlin [3] and the Pfaffian [4, 5]. The Laugh-
lin is the exact solution of a system under 2-body contact inter-
action and the Pfaffian is the exact solution for charges under
3-body interaction [6]. However, in general, the difficulty of
the analysis has led to the development of quantum simulation
as one of the most fruitful ways to deal with the problem [7–
9]. In the quantum simulation, charges are replaced by neutral
cold atoms and real fields by artificial gauge fields.
The simulation of the transport equation given by
jy = σyx Ex , (1)
provide the possibility to analyze the correlated states associ-
ated with the resistivity plateaux in a typical experimental out-
come showing ρyx (ρyx = σyx/(|σxx|
2 + |σyx|
2)) as a func-
tion of the magnetic field [10]. For a two dimensional system,
in Eq.(1), jy is the mean current density along the Y direction,
σyx is the Hall conductivity (σxx comes from jx = σxx Ex),
and Ex is a time dependent periodic perturbation that simu-
lates the electric field applied in the X direction. Le Blanc et
al. [11] reported for the first time the experimental signature
of quantum Hall effect in a large system of bosonic atoms.
Our ansatz assumes a cloud of interacting ultracold bosonic
atoms trapped by a parabolic potential in the XY plane, ro-
tating around the Z-axis. The rotation frequency Ω simulates
the magnetic field [12]. Along the X-axis we consider a fixed
impurity which becomes a necessary condition to visualize
the plateaux, as will be discussed in Section III. We perform
exact diagonalization in the lowest Landau level regime for
strong magnetic fields and describe the system from the ro-
tating frame of reference. Within this regime, no mean field
theories can be applied. The system cannot be characterized
by a unique function that plays the role of an order parameter.
Our analysis can only be performed for a relatively small
number of particles. However, as it has been stressed [13],
small systems provide a good option of experimental access to
the region where vortex liquid states appear. For these small
systems, indeed, cases like the Laughlin or the Pafaffian type
states preserve its full meaning.
Closely following our previous work [14] for N = 4 parti-
cles, first we focus on the Laughlin state and analyze the origin
of the plateau of ρyx in the region where the expectation value
of the ground state angular momentum (LGS) lies around 12.
In the circular symmetric system, LGS = N(N − 1). Next
we extend our analysis to N = 5. In this case, a huge time
consuming effort would be required to obtain a Laughlin type
state (at around LGS = 20). However, despite the effort,
the expectations of finding new physics beyond what was ob-
tained already for N = 4 are very low. Aside from that, the
presence of two pseudo-plateaux at lower values of Ω brings
the opportunity to identify the associated states using different
tools. E.g., the overlap between the exact solution and differ-
ent analytical expressions, or the analysis of the edge excita-
tions. We found that the first plateau is related to the Pfaffian
[4] state and the second one is well identified with the state
of filling factor ν = 2/3. The great interest on the Pfaffian
is justified by the unique properties of its excitations [15, 16]
that make it attractive in the context of topological quantum
computation.
The identification of liquid vortex states was already con-
sidered in previous works [13, 17–22], some of them on the
torus or spherical geometries.
Of special importance is the analysis of the edge excita-
tions. As stressed by Wen [23–25], the topological order of
the fractional quantum Hall (FQH) states is reflected in the
properties of their edge excitations. The topological order is a
characteristic that classifies the FQH states in a unique way.
We summarize our main results in two points: On the one
hand, we analyze the reason why around certain values of Ω
and only at them, sayΩi, a plateau of the resistivity can be dis-
played [14], localizing all the quantum liquid stable states of
definite topology. These states are all the existing ones within
the range of Ω-values under study. On the other hand, we
identify the implied correlated states in each plateau, using
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FIG. 1: Variation of the expectation value of the angular momentum
as a function of the rotation frequency Ω in units of ω⊥/2. We con-
sider N = 4 , g2 = 1 , γ = 0.1 and a = (1, 0) in our unit of
length (see text). The step-wise dashed line refers to the symmetric
case (γ = 0).
different tools and specially, the analysis of their edge excita-
tions [20, 21].
In addition, another remarkable result is the direct obser-
vation of the ordered pattern in the density of the GS, gener-
ated by 3-body contact interaction. This allows us to give an
interpretation of the Pfaffian state. Usually, the spatial corre-
lation of the atoms is hidden in a circular symmetric ground
state and the analysis of the two-body pair correlation function
( ρ(2)(~r0, ~r) ) is necessary to uncover it. One atom is fixed at
a given position ~r0 and the probability of finding the other
ones around it is correlated. For example, in the case of the
Laughlin state, a triangle of peaks of density is obtained for
N = 3, a square for N=4, etc. However, the existence of an
impurity plays a similar role in the density, the position of the
impurity breaks the circular symmetry and the ordered pattern
is explicit already in the density. But distinctly, the number
of peaks directly on the density in the case of 3-body inter-
action is not equal to the number of particles. Our possible
explanation is given in Section V.
Our paper is organized as follows: In Section II we present
the model. In Section III we analyze the origin of the plateaux
that emerge in the resistivity around particular values of the
magnetic field. In Section IV we analyze the topological order
of the implied states at each Ωi through their edge excitations.
In Section V we show the numerical results and discuss their
interpretation. Finally in Section VI we present our conclu-
sions.
II. MODEL
We closely follow the model presented in Ref [14] with the
addition of a 3-body contact interaction term in the Hamilto-
nian.
We consider a system of N one-component bosonic atoms
of mass M confined on the XY -plane. The cloud is trapped
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FIG. 2: The same as Fig.1. for N = 5.
FIG. 3: Hall resistivity as a function of Ω. We considered N = 4,
a = (1.0, 0), γ = 0.1 and g2 = 1. The small plateau is approxi-
mately at Ω = 1.963. We considered our units of length, energy and
frequency (see text).
by a rotating parabolic potential of frequency ω⊥ and rota-
tion Ω along the Z-axis. In the rotating reference frame the
Hamiltonian reads
Hˆ(t) = Hˆsp + Hˆint + Hˆpert(t), (2)
where the single-particle (sp) part is given by
Hˆsp =
N∑
i=1
[
1
2M
(pˆ+ Aˆ)2 +
1
2
M
(
ω2⊥ −
(B∗)2
4M2
)
rˆ
2
− γ
~
2
M
δ(2)(rˆ − a)
]
i
, (3)
with
Aˆx =
B∗
2
yˆ , Aˆy = −
B∗
2
xˆ , (4)
3FIG. 4: The same as Fig.3 for N = 5, a = (0.6, 0), γ = 0.1
and g2 = 1 . The small plateaux are localized at approximately
Ω = 1.915 and Ω = 1.947, no 3-body interaction is considered.
where r = (x, y) and B∗ = 2MΩ. The last term is due to
the presence of an impuritymodeled by a Dirac delta function.
The dimensionless parameter γ measures its strength and a
localizes it on theXY plane.
The atomic interaction is modeled by a 2D contact potential
given by,
Hˆint =
~
2
M
g2
∑
i<j
δ(2)(rˆi − rˆj)
+
~
2
M
λ2⊥g3
∑
i<j<k
δ(2)(rˆi − rˆj)δ
(2)(rˆi − rˆk) , (5)
where g2 and g3 are the dimensionless coupling parameters
that give the strength of the 2 and 3-body interactions respec-
tively and λ2⊥ =
~
Mω⊥
.
In the LLL regime without impurities, the kinetic part of
the Hamiltonian reads,
Hˆkin = ~(ω⊥ − Ω) Lˆ + Nˆ~ω⊥ . (6)
The sp solutions with well defined angular momentumm are
the Fock-Darwin (FD) functions [26], given by φm(θ, r) =
eimθ√
pim!
e−r
2/2 rm where we consider λ⊥ as the unit of length.
Once Hˆ0 = Hˆsp + Hˆint is solved, we proceed to diago-
nalize the one-body density matrix given by,
ρˆ(1)(r, r′) = 〈Ψˆ†(r)Ψˆ(r′)〉 , (7)
where the expectation value is calculated at the GS and Ψˆ(r)
is the field operator. The eigenfunctions are the one-body
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FIG. 5: Spectrum around the Laughlin state (LGS = 12) for N =
4, The gap at L = 12 is equal to 0.1585 in units of ~ω⊥/2. The
bottom states at L = 13, ..., 18 are degenerated. Ω = 1.97 has been
considered.
natural orbitals ψi , linear combinations of the FD func-
tions, i.e. ψi =
∑mmax
0 p
i
mφm. The eigenvalues are their
occupations ni , i = 1, .., imax. Notice thatm is angular mo-
mentum while i is an index that labels the eigenstates, namely
imax = mmax + 1 , mmax is varied until convergence of the
results.
If some of the natural orbitals are localized at the impurity,
then we are able to distinguish between two type of states:
localized and extended, a crucial condition necessary to un-
derstand the mechanism that produces a plateau as will be ex-
plained in section III.
For the effective periodic electric field we consider
Hˆpert(t) = −λ
~
2
Mλ3⊥
(
N∑
i=1
xˆi)ξ(t)sin(ωt) ≡
N∑
i=1
Ex(t)xˆi
(8)
where λ is the dimensionless parameter that gives the intensity
of the perturbation which we assume small and
ξ(t) = 1− exp[−(t/σ)2] . (9)
From now on we consider M = 1/2 and ~ = 1 and choose
λ⊥ =
√
~
Mω⊥
=
√
2/ω⊥ , ~ω⊥/2 and ω⊥/2 as units of
length, energy, and frequency, respectively. With our unit of
length, ω⊥ = 2.
Finally, to identify the Hall conductivity σyx from Eq.(1),
we analyze the time evolution of the expectation value of the
current operator, 〈Ψ(t)|jˆy |Ψ(t)〉whereΨ(t) is the many-body
wave function of the system, until the stationary regime is
reached.
In order to easily compare results from differentN ′s, in the
numerical calculation, we replace g2 and g3 in the interaction
term, with g22 = g2 6/N and g33 = g3 6/N . Then, for exam-
ple the same critical value Ωc = ω⊥− Ng8pi = 1.76 is obtained
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FIG. 6: Spectrum around the ν = 2/3 state (LGS = 12) at the
second plateau of Fig.4 for N = 5. The gap at L = 12 is equal to
0.1091 in our units. Ω = 1.947 has been considered.
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FIG. 7: Absolute value of the overlap between the exact solution
and the analytical Laughlin expression as a function of Ω. N = 4,
g2 = 1, γ = 0.1 and a = (0.6, 0) is considered. Vertical lines
mark the frontiers of the plateau shown in Fig.3, from Ω = 1.963 to
1.9663.
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FIG. 8: The same as Fig.7 for N = 5. The analytical function
considered on the overlap is the Pfaffian state. The significant values
appear over the step 〈L〉 = 8. The full line corresponds to g3 = 0,
the plus symbols to g3 = 1 and the crosses to g3 = 5. For all of them,
g2 = 1. We consider a = (0.6, 0) and γ = 0.1. The vertical lines
mark the frontiers of the first (form 1.913 to 1.918) and the second
plateau (from 1.945 to 1.95) respectively. Notice that in general, as
the interaction grows, there is a whole shift to the left of the critical
values of Ω where L jumps.
FIG. 9: Hall resistivity as a function of Ω. The short full line con-
tains only 2-body interaction (g2 = 1) , while the long dotted one
contains also 3-body interaction ( g3 = 2). We consider N = 5 and
(a = (0.8, 0). The marked points are: A: (1.91, 58.94) and B:
(1.9172, 62.61) on the full line and C: (1.911, 56.21) on the long
dotted line.
FIG. 10: 3D image of the GS density for N = 5 at Ω = 1.911 (in
units of ω⊥/2) with an impurity at a = (0.8, 0) (in units of λ⊥) and
γ = 0.1. We consider g2 = 1 and g3 = 2.
FIG. 11: 3D image of the GS density for N = 5 at Ω = 1.911 (in
units of ω⊥/2) with an impurity at a = (0.8, 0) (in units of λ⊥) and
γ = 0.1. We consider g2 = 1 and g3 = 0.
5for all N ′s. Ωc marks the place where the angular momen-
tum jumps from L = 0 to L = N , where the first vortex is
nucleated, see Figs.1 and 2.
III. ORIGIN OF PLATEAUX
In this section, we focus on the mechanism that generates
plateaux of ρyx within the LLL regime, namely, we refer to
the fractional quantum Hall (FQH) scenario.
The plateaux are labeled by a unique number, its filling fac-
tor, which is the manifestation of the topological nature of
the associated correlated states. In the interval between sub-
sequent plateaux, the resistivity exhibits a linear behavior on
B∗ (= Ω ) given by
ρyx ∼
B∗
ne
(10)
reminiscent of the classical functionality [10]. ne is the areal
density of the extended part of the system, the part that con-
tributes to the current ~jy . As B
∗ grows, the equivalent and
simultaneous increase of ne is necessary to maintain the resis-
tivity constant. Then, during certain intervals of B∗ transfer
from localized to extended orbitals must take place, increasing
ne. Impurities play the role of a reservoir of particles trapping
or releasing them as B∗ changes.
To be more precise, we analyze the properties of the GS.
As B∗ increases, the angular momentum of the system also
increases. In the symmetric case (without impurities) where
L is well defined, there are abrupt changes and only certain
”magic” values of L are possible. ForN = 4 : 0− 4− 8 and
12 , and forN = 5: 0−5−8−12−15 and 20 . Differently, if
some amount of asymmetry is included, the variation is soften
and the expectation value of the angular momentum has all
the possibilities (see Figs.1 and 2).
If one analyzes the occupations of the two most important
natural orbitals, one can verify that there is a correspondence
between the angular momentum transitions and the significant
variation of the occupations.
Amazingly, in the analyzed cases, there is a clear localiza-
tion at the impurity of one of the natural orbitals, the first one
with the largest occupation (n1). Around the angular momen-
tum transition, the decrease of n1 and the increase of ni, i ≥ 2
means that transfer from localized to extended orbitals is tak-
ing place and a plateau is possible. That is to say, intervals of
B∗ where the occupations of the natural orbitals have a signif-
icant variation, turned out to be crucial to identify the regions
where transfer is possible and plateaux are expected.
Fig.3 shows forN = 4 the appearance of a small plateau in
the region where L changes from 8 to 12 and Fig.4 shows for
N = 5 two pseudo-plateaux around the transitions from 5 to
8 and from 8 to 12 respectively, in the symmetric case.
It must be realized that these plateaux appear around spe-
cial values of ρyx that localize states of significant interest,
which would be characterized by fractional filling factors in
the thermodynamic limit. Without impurities these values of
ρyx would not be visible. This is due to the fact that the in-
terval where n1 decreases would be reduced to a point and
the plateau would disappear. Moreover, the extension of the
plateau is related to the intensity of the impurity.
IV. EDGE EXCITATIONS
An extended way to identify the GS that results from ex-
act diagonalization is by its overlap with a given analytical
expression. However, within the FQH regime, it has been pre-
viously stressed [21, 23, 24] that a more convenient and non-
ambiguous way is given by its ”topological order”, a unique
characteristic reflected in the properties of the edge excita-
tions. This alternative becomes of special interest in our case,
as in the calculation of the Hall resistivity all the spectrum is
implied and not only the GS.
The main ingredient necessary to perform the identifica-
tion is given by the number of edge excitations of the GS.
References [20, 21] provide, for some large systems, the se-
quence of the number of excitations with angular momentum
LGS + m where m ≥ 0. We resort to the results given in
Ref.[21] and identify the two states related to the two plateaux
obtained for N = 5 (see Fig.4). If the sequence of the num-
ber of the excitations from our results follows the numbers of
large systems (aside deviations due to finite size effects), for
a given case considered in Ref.[21], then it means that with
good approximation, we have found the precise vortex liquid
state.
To count out the number of excited edge states, we proceed
as follows. We analyze the interaction energiesEint as a func-
tion of the angular momentum starting from LGS (see Figs.5
and 6). For each LGS +m we obtain a column of values. The
distance between the lowest Eint at LGS and the next one at
the same LGS defines a gap. The number of Eint for a given
m that lies within this gap defines the number of edge excita-
tions form.
In the case of the Laughlin state for N = 4, this method
provides the confirmation of its nature. In this case, the ex-
cited states are degenerated. We proved that this degeneracy
obeys the theoretical predictions [13]: An excited state with
L = N(N−1)+m is p(m) times degenerated, where p(m)
are the partitions ofm: the number of distinct waysm can be
written as a sum of smaller non-negative integers. It gives the
sequence : 1−1−2−3−5−7 form = 0−1−2−3−4−5,
see the Table I. From our results, the plateau appears at about
Ω = 1.963, well inside the region where the expectation
value of LGS is close to L = 12. Not exactly 12 due to the
presence of the small impurity that breaks the circular sym-
metry.
Table I. The Laughlin case. Number of excited states
for N = 4. The first row for an infinite system and the
second row from our results. The sequence corresponds to
m = 0, 1, . . . , 6.
1 1 2 3 5 7 11
61 1 2 3 5 6 8
It must be realized that the assignation of a filling factor of
ν = 1/2 to this state is due to the fact that the trapping po-
tential is nearly suppressed by the strong rotation, see Eq.6.
We end up with a nearly homogeneous system, for which the
filling factor is well defined (it does not depend on r). How-
ever, for other correlated states produced at lower values of
the magnetic field, strong size effects prevent the association
of a fractional filling factor, and the only justified assertion is
that this state presents good symptoms to be identified with
the correlated state with well defined filling factor in the ther-
modynamic limit. This is our case related to the states at the
plateaux for N = 5 .
The second plateau for N = 5 at Ω = 1.947 (see Fig.4)
has several properties that led us to the conclusion that it is
the precursor of the correlated state with ν = 2/3 , well ap-
proximated by the composite-fermion (CF) model. The start-
ing requirement is the identification of LGS . This plateau lies
within the region close to the angular momentum L = 12 ,
one of the magic values for N = 5 , related to incompress-
ible states. For them, the interaction energy does not change
when the angular momentum is increased, the internal energy
remains the same and the increase of the kinetic energy is due
to the global movement of the center of mass. Once N and L
are fixed, then, as in the previous case, we proceed to count
out the number of excited edge states (see Fig.6 and the Table
II).
Within the CF theory, the bosonic atoms are replaced by
non-interacting composite particles consisting of bosonic par-
ticles with the attachment of one or more quantum of magnetic
fluxes. These composite particles with fermionic statistics fill
several CF LL’s in a compact way. At the end, the fractional
filling factor for bosons is transformed into integer filling fac-
tor for the composite particles. The relationship between the
angular momenta is given by L = LCF +
N(N−1)
2 [13]. In
our case it gives LCF = 2 which has only one possible way
to fill the CF LL’s: 3 CF on the LLL and 2 on the first LL, this
state is denoted as {3, 2}. Similarly, for N = 6, L = 20 and
N = 7, L = 30 the CF states {4, 2} and {5, 2} are obtained
[21] (in general {N−2, 2}). For these three cases, the number
of excitations is given in Table II. This state in the thermody-
namic limit belongs to the series νF =
p
2p+1 [27, 28], the
values at which fractional quantum Hall states are realized,
being p the number of occupied CF LL’s. For p = 2 it gives
νF = 2/5 and from the relation
1
νF
= 1νB + 1 , valid for
homogeneous systems [29], the filling factor for the bosonic
system is νB = 2/3 .
Table II. The state with filling factor ν = 2/3. The first
row for an infinite system [21], and the next rows for N = 5,
LGS = 12; N = 6, LGS = 20; and N = 7, LGs = 30,
respectively. The sequence of excitations ism = 0, 1, . . . , 4.
1 2 5 10 20
1 2 4 7 10
1 2 5 8
1 2 5 9
In the case of the state related to the first plateau at Ω =
1.915 (see Fig.4), although the overlap with the analytical ex-
pression of the Pfaffian state [17] is excellent (see Fig.8 com-
mented below), the analysis of the number of edge excitations
is not conclusive.
The two spectra obtained (not shown) for g2 = 1, g3 = 0
in one case and for g2 = g3 = 1 in the other case for the first
plateau, are similar to that of Fig.6 for the second plateau.
However, an important difference comes from the violation of
the Kohn theorem as it is not fulfilled by some states at the
upper part of the spectrum with g3 = 1 . This is due to the
fact that the center of mass and the relative variables can only
be separated when the interaction depends only on differences
of pairs of coordinates [26], which is not the case for the 3-
body interaction. In spite of that, the sequence of the number
of edge states is in both cases similar to the case on an infinite
system, as it is shown in Table III.
Table III. The Pfaffian state. The first row for an infi-
nite system calculated with only 3-body interaction and odd
N [21]. For N = 5, the second and third rows are for
g2 = g3 = 1 and g2 = 1 g3 = 0 respectively. The sequence
corresponds tom = 0, 1, . . . , 4.
1 2 4 7 13
1 2 4 5 8
1 2 4 6 9
Curiously, the similarity of our results with the first row is
better when we do not include 3-body interaction.
We would like to make two additional comments, first, in
our small system, as it will be discussed in the Section V, some
amount of 2-body interaction is necessary to have non-zero
overlaps, and second, it must be realized that the differences of
the number of excited states with respect to the infinite system
comes from finite size effects. This effect is clearly reduced in
the Laughlin spectrum because the effective trapping potential
given by (ω⊥ − Ω) nearly disappears.
V. RESULTS
Our main result is the confirmation that we can localize the
correlated vortex liquid states around the angular momentum
transitions, see Figs.1 and 2. To obtain good experimental
observability, it is necessary to fulfill two conditions: a) a
small number of particles and b) that the impurity perturbs
only slightly the stepwise behavior of LGS/Ω in such a way
that the plateaux of the resistivity are well separated. Oth-
erwise, for large systems, the distance between the angular
momentum transitions significantly shortens, and the overlap
between the wave functions of subsequent vortex liquid states
7would affect the observability. Namely, two ingredients are
necessary: small systems and low strength of the impurities
(γ ≪ 1). If these conditions are met, then, within a given
interval of Ω we know the number and localization of the in-
teresting states.
Our important result concerns to our certainty of the pres-
ence of a precise number of correlated states below Ωmax,
fixed by computational limitations. Moreover, we know at
which values of Ω we must look for them. For N = 5 and
Ωmax = 1.955 we know that there are only two correlated
states and indeed, in this case, we were able to identify them
with high confidence. However, for larger values of Ω beyond
Ωmax, we can not exclude the possibility to find new plateaux
not identifiable with states properly modeled using the CF ap-
proach.
Once we have been able to generate plateaux and learned
about their origin, the next step is the classification of the im-
plied correlated states and analyze their properties. To achieve
this aim, we exploit several tools. A powerful one is the over-
lap of the exact solution with known analytical expressions.
For the Laughlin case we have [3]
ΨLau({zi}) =
∏
i<j
(zi − zj)
2e−
∑ |zi|2/2 (11)
where zk = xk + iyk. Or for the Pfaffian [18],
ΨPf({zi}) = S
∏
i<j∈τ1
(zi − zj)
2e−
∑ |zi|2/2
×
∏
k<l∈τ2
(zk − zl)
2e−
∑ |zk|2/2 (12)
where τ1 and τ2 mean a partition of N . S indicates that the
wave function is symmetrized over all the possible partitions
of N particles into the subsets τ1 and τ2.
Fig.7 shows for N = 4 the modulus of the overlap,
|〈Ψanalytic|Ψexact〉| [30] between the Laughlin state and the
exact solution as a function of Ω. Although the exact so-
lution contains a small amount of anisotropy, the overlap is
extremely good, close to one along all the interval with an-
gular momentum L = 12. This result confirms that the im-
plied correlated state is the Laughlin, but also indicates that
the overlap is not enough to localize the plateau of the resis-
tivity. The main reason is that in the overlap only the GS is
implied, whereas in the resistivity all the eigenstates play a
role. The excited states suffer, along the interval of L = 12, a
redistribution as Ω changes producing changes in the resistiv-
ity. One must look for the interval of Ω where n1 decreases as
it happens approximately between Ω = 1.963 and 1.967, see
Fig.3.
Fig.8 shows similar results for N = 5. In this case, in
the overlap, the analytic Pfaffian expression is used. The in-
terval with significant values corresponds to 〈L〉 = 8 (see
Fig.2) which is the angular momentum of the Pfaffian state for
N = 5. In general, L = N(N−2)2 for evenN and L =
(N−1)2
2
for odd N [20]. For the full line only 2-body interaction was
considered (g2 = 1 and g3 = 0) whereas for the plus and cross
symbols, we used g3 = 1 and 5, respectively. Although the
overlap clearly improves when 3-body interaction is included,
some amount of 2-body component must also be considered.
If only 3-body interaction is used, although the interaction en-
ergy Eint of the GS vanishes, meaning that it is the solution
of the 3-body Hamiltonian, we find zero overlap with the ana-
lytic expression (Eq.12). Roncaglia et al. in Ref. [15] propose
an attractive and original protocol to generate and stabilize the
Pfaffian state in a bosonic system submitted to a rotating trap.
They conclude that the best way to follow their scheme is by
the suppression of the 2-body interaction. We were not able
to reproduce this result and therefor we conclude that for our
small number or particles, some amount of 2-body interaction
is necessary to have a significant number of particles within
each subset of the partition of N .
Next, we perform a complete analysis of the density and
pair correlation function at the three points marked in Fig.9.
From this analysis, only some remarkable results are com-
mented below. We concentrate on the first plateau where
the overlap with the Pfaffian state is the best. The selected
points intend to give the following information: the point A
(1.91, 58.94) not related to a plateau, is taken as a reference;
the point B (1.9172, 62.61) on the plateau with only 2-body
interaction, and the pointC (1.911, 56.21) on the plateau with
2 and 3-body interactions.
In each case, we analyze the symmetric density (γ = 0), the
density with the impurity, and the two-body pair correlation
function ρ(2)(~r0, ~r). In all cases, the reference position ~r0 is
the point where the symmetric density reaches its maximum.
At A, we obtain the expected results for a non-correlated
state. The symmetric density has a soft dimple at the center
and exhibits a slight blown up at ~a when the impurity is intro-
duced, with otherwise no any sign of spatial correlation. The
pair correlation function does not uncover spatial order and at
~r0 the density is close to zero.
AtB, the symmetric density is nearly flat with a slight max-
imum at the center. With the impurity, the density is blown
up at ~a and some subtle correlated positions appear around ~a.
The function ρ(2) exhibits an anomalous distribution, not re-
lated to any hidden spacial correlation. At ~r0 the density is
significant. This point B is a precursor of point C as it has a
subtle correlation in its density.
Finally, point C shows an interesting result which drives
us to speculate about the meaning of the 3-body interaction.
The symmetric density is quite flat with a slight minimum at
the center, at odds with the result of point B. However, when
the impurity is introduced, we obtain the density distribution
shown in Fig.10. This figure provides some insight into the
meaning of the 3-body interaction.
Even though our system has five particles, the density
shows only three peaks. A possible explanation is as follows:
The Pfaffian wave function is a symmetric combination of all
possible partitions of N . For a given partition of N contain-
ing subsets τ1 and τ2 , in an effective way, the particles are
8classified into those in subset τ1 and those in subset τ2. Two
particles pertaining to different subsets do not interact with
each other (see Eq.12). Assume that for this partition, particle
j at τ1 is the one localized at the impurity and therefor, with
a fixed position. If τ1 has two particles, the second one would
be localized around j symmetrically. However, if τ1 has tree
particles, the other two particles will accommodate far from j.
This mutual repulsion results in a triangular pattern shown in
Fig.10. The disappearance of the triangular pattern when only
2-body interaction is included provides a good support of our
explanation.
VI. CONCLUSIONS
We have developed an effective way to find and, eventually
classify, the correlated states of a cloud of interacting cold
bosonic atoms in the fractional quantum Hall regime. Two
conditions must be fulfilled to localize these sates with good
observability: First, it must be a small system and second, it
must be only slightly perturbed by some impurities.
The properties of the edge excitations were used as the most
efficient tool to classify the states. Following the CF theory,
we arrived to the conclusion that the second plateau is the pre-
cursor of a state of filling factor ν = 2/3 in the thermody-
namic limit.
We proved that, although the overlap of the exact solution
with some analytical known expressions of the GS wave func-
tions is a powerful way to identify the state, it does not provide
any insight on the localization or the extension of the plateaux
of ρyx/Ω. The crucial ingredient that localizes the plateaux is
given by the variation of the occupation of the natural orbital
localized at the impurity.
The analysis of the GS density of the system that contains
an impurity, provides new insight about the meaning of the
three body interaction, for a state close to the Pfaffian.
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